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A study is made of the s tabi l i ty  of the p l ane -pa ra l l e l  flow of a v i scous  l i q u i d i n a l a y e r w i t h a  
f r ee  boundary,  under  weight less  conditions. The motion of the liquid is  due to the  dependence 
of the sur face  tension on the t e m p e r a t u r e .  An exact  solution for  an unper turbed  boundary is  
obtained by the s ame  method used in [1], but with a m o r e  genera l  boundary condition for  the 
t e m p e r a t u r e .  A study of the stabil i ty was c a r r i e d  ou tby the  method of smal l  v ibra t ions ,  taking 
account  of the per tu rba t ion  of the f r ee  boundary.  The a r t i c le  d i s cus se s  the a s y m p t o t i c b e h a v -  
fo r  of long waves  at  smal l  Reynolds numbers ,  and the conditions fo r  instabi l i ty  a re  found. 

1. Sta tement  of P rob l em .  Under  weight less  conditions, we cons ider  a l a y e r  of v iscous  incompress ib l e  
liquid, bounded on the one hand by a f r ee  sur face ,  and on the o ther  hand by a solid wall  (Fig. 1). We postu-  
late  that a su r face  tension with the coeff icient  ~, depending l inear ly  on the t e m p e r a t u r e  T, is acting at the 
f r ee  boundary.  Let  a constant t e m p e r a t u r e  gradient  be given along the solid wall.  At the f r ee  boundary we 
a s s u m e  that the heat flux through the sur face  is propor t iona l  to the difference in t e m p e r a t u r e  between the 
liquid med ium and the ex te rna l  medium,  whose t e m p e r a t u r e  is de te rmined  in accordance  with a l inear  law, 
with the same  gradient ,  A, as  in the solid wall.  We shall  a s s u m e  that,  at  the sur face  of the liquid, a given 
p r e s s u r e ,  whose d imens ion less  value,  Pl, is  shown below, is  act ing f r o m  the side of the ex te rna l  medium.  

As units  of length, t ime,  m a s s ,  and t e m p e r a t u r e ,  respec t ive ly ,  we take the quantit ies Z, pu ( -Adq /dT)  -1, 
pl  3, A/, where  l is  the mean  th ickness  of the l a y e r  of liquid, p is  the density,  and v is  the coefficient  of k ine-  
mat ic  v i scos i ty .  

The equations of motion and the boundary conditions, in d imens ion less  va r iab les ,  have the f o r m  

R [vt + (v,  V) vl  = A v  - -  VP (1 .1 )  
TiP (Tt + vvT) = AT, div v = 0 (1.2) 

P,,~ + Pl == RW-1Nx~ (t + N~) -'/~ (y = l + N) (1.3) 
p,~ = - -  OT / Os (y = l + N) (1.4) 
Nt -~- vxNx = vy (y = t ~- N) (1.5) 

OT / On + m (T - -  Te) = 0 (y = l + N) (1.6) 
T = T~, v • 0 (y = 0) (1.7) 

where  v is  the veloci ty  of the liquid; p is the p r e s s u r e ;  n is  the ex te rna l  n o m a l  to the liquid; s is the tangent; 
N = N(x, t) is the pe r tu rba t ion  of the f r ee  boundary; Pi = - l . 5 x +  const; T e =x+  eonst is  the t e m p e r a t u r e  of the 
externa l  medium.  

The p r o b l e m  contains four  d imens ion less  p a r a m e t e r s :  R= V/~ - i  i s  the Reynolds number;  W= pV2/(r - t  
is  the Weber  number;  P=v/)C is  the Prandt l  number  (X is  the coefficient  of t he rma l  d i fhs iv i ty) ;  m is  the heat-  
t r a n s f e r  coefficient; and V = - A l ( p u ) - l d o . / d T  is  the c h a r a c t e r i s t i c  veloci ty.  

It can be ver i f i ed  that the f o r m u l a s  

Vxo  = U ~ - -  a / a y 2  -~- i / p y  , V y  o = 0,  P0 = P l  (1 .8 )  

T o = x + B P ( - ~ g y ' + - ~ - y '  3__ 481 1Tram y ) + c o n s t  
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y i e l d  a s t e a d y - s t a t e  s o l u t i o n  to  the  p r o b l e m  (1.1)-(1.7) f o r  the  u n p e r -  
0.38 , \  t u r b e d  f r e e  b o u n d a r y  (N = 0) u n d e r  the  cond i t i ons  of  open f low [1]. In 0 t  

what  fo l lows ,  we s h a l l  i n v e s t i g a t e  the  s t a b i l i t y  of th i s  so lu t ion .  

L i n e a r i z i n g  the s y s t e m  {1.1)-(1.7) in the  ne ighbo rhood  of the s o l u -  
~3r t ion  (1.8), e l i m i n a t i n g  the  p r e s s u r e ,  and  i n t r o d u c i n g  a f low func t ion  u s i n g  i 

~ /  the  r e l a t i o n s h i p s  
o.aoos" 

0.30 Vx ---- vx0 + aPu, vu ---- - -  ~ (1.9) 
/.7 2.7 3.7 bgm 

we a r r i v e  a t  the  p r o b l e m  
F i g .  5 h2~ = R (h~t + u h ~  - -  u"%) (1.10) 

A T  = R P  (T t -+- u T  x -4- ~ - -  Tou~2x) (1.11) 

R { % ,  - -  a /4~v  H- ~ )  - -  A %  - -  2%~ v -~- 2 N ~  - -  R W - 1 N . ~  = 0 (y = I ~ ( i . 1 2 )  

%u - -  %,x + u"N + Tx = 0 (y = i)  ( 1 . 1 3 )  

N t  + u N x  + ~x  = 0 (y = t) (1.14) 
Tu + TouuN - -  To~,N ~ § m (T + TorN) = 0 (y = 1) (1.15) 

r = 0, ~x = qJy = 0 (y = 0) (I.IB) 

We then s e p a r a t e  the  t i m e  and the l o n g i t u d i n a l  c o o r d i n a t e  x, s e t t i n g  

(% T, N) ---- (% 8, a) e i~ cx-c0 (1.17) 

w h e r e  ~ =~o(y); 0 = 0(y); a i s  a cons tan t ;  ~ i s  the wave  number ;  C = C r + i C  i i s  the  c o m p l e x  f r e q u e n c y .  

We d r a w  a c o n c l u s i o n  a s  to  the  s t a b i l i t y  a s  a func t ion  of the s ign  of the  i m a g i n a r y  p a r t  of the quan t i ty  c:  
i f ,  f o r  a l l  e i g e n v a l u e s  e l < 0  , so lu t i on  (1.8) i s  s t ab le ;  i f  t h e r e  i s  even  a s i ng l e  e i ge nva lue  f o r  which  c i > 0 ,  we 
have  i n s t a b i l i t y ;  the  c a s e  ei  = 0 c o r r e s p o n d s  to  the  l i m i t  of s t a b i l i t y  (neu t r a l  p e r t u r b a t i o n s ) .  

F o r  n o r m a l i z a t i o n ,  we s e l e c t  the  condi t ion  

a = I (1.18) 
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Tak ing  accoun t  of (1.8), (1.17), and  (1.18), p r o b l e m  (1.10)-(1.16),  i s  t r a n s f o r m e d  to the  f o r m  

, ' "  - -  2 : ~ ( p  " -}-  ~ ' c p  = i a R  [ (u  - -  c) (q)" - -  s ~ )  - -  u"q~ ] 

0 ~ - -  s ~ O  = R P  {is [ (u  - -  c) 0 - -  To~(Pl + qr 

(pit! -~- [ i g R  (c  - ~  1/4 ) - -  3~. ~1 ( p ' -  $aRep q- 2s 2 - -  i saRW -1 = 0 (y = i) 

~" + s~@ + iaO --  t .5 = 0 (y = i) 

O' - -  i s  -+- m [0 - -  mRP 48 (t + m ) ] - - + R P = O  ( y = i )  

0 = (p = (p' = 0 (y = o) 

c = ~ ( i ) - - 0 . 2 5  

2. A s y m p t o t i c  B e h a v i o r  of Long W a v e s .  Se t t i ng  (~ = 0 in  (1.19)-(1.25),  we ob ta in  

%"" = O, 0o" = RPq)o' 

q)o" = O, %" = t .5 (y = t) 

0o' +m0o  = R P [  48(im+m) F + ]  (y==t) 

Oo = % = q)o' = 0 (y = O) 

Co = % (1) - -  0.25 

f r o m  which  we f ind 

(1.19) 
(1.20) 
(1.21) 
(1.22) 

(1.23) 

(1.24) 

(1.25) 

(2.1) 
(2.2) 

(2.3) 

(2.4) 
(2.5) 

w h e r e  

% = ahy2, Oo = R P y  (:/4y 2 ~- 5P,-:) (2.6) 

c o = 0.5 (2.7) 

p ,  (m + t) 2 
= 9.6 (m-----@--48 (2.8) 

A s s u m i n g  that ,  a t  s m a l l  v a l u e s  of  ~,  p r o b l e m  (2.1)-(2.5)  i s  a g e n e r a t r i x  f o r  the  s y s t e m  (1.19)-(1.25),  
we s e e k  the so lu t i on  of  the  l a t t e r  in  the  f o r m  

o o  oo 

(p = ~ (ia)kq~k, 0---- ~ (ia)~0~, c = ~ (is)~c~ (2.9) 
k~0  k~ 0  k~ 0  

At  s u f f i c i e n t l y  s m a l l  v a l u e s  of  the  wave  n u m b e r s  ~,  the  s i gn  of  the  i m a g i n a r y  p a r t  of el ,  by v i r t u e  of 
the  e q u a l i t y  

c~ = acl + 0 (~ )  

i s  d e t e r m i n e d  by  the s ign  of  the  c o e f f i c i e n t  c l ,  wh ich  i s  c a l c u l a t e d  wi th  so lu t i on  of  the p r o b l e m  

~1" = R [(u - -  1/2) %" - -  u"q%] (2.10) 
01" =- R P  [(u - -  1/~) 0o, __ Tou(Po + ~1'1 (2.11) 

r  = R (% - -  ~i,r ~ "  = - -  Oo (y = i) (2.12) 
01' + toO1 = I (y = i )  ( 2 . 1 3 )  

01 --  q~ = (P~' = 0 (y = 0) (2.14) 

el = ~x (i) (2.15) 

So lv ing  s y s t e m  (2.10)-(2.15),  f o r  c 1 we ob ta in  the  v a l u e  

c~ = ~/xoR (i - -  P / P , )  (2.16) 

A n a l y s i s  of f o r m u l a  (2.16) shows  that ,  a t  0 - < m - - - m , =  6 + 4  ~ ,  we have  l o n g - w a v e  i n s t a b i l i t y  f o r  any  
v a l u e s  of the  P n u m b e r .  If  r e > m , ,  the  r e s u l t  de pe nds  on the  v a l u e  of the  P r a n d t l  n u m b e r :  a t  P > P ,  we have 
s t a b i l i t y ,  wh i l e  f o r  P < 1), we have  i n s t a b i l i t y .  F i g u r e  2 shows  a c u r v e  of  the  d e p e n d e n c e  1), = P , ( m ) .  We 
no te  tha t  a t  P < 9.6 the  so lu t ion  of (1.8) i s  u n s t a b l e  f o r  any  v a l u e s  of the  h e a t - t r a n s f e r  c o e f f i c i e n t  m.  

3. The  C a s e  of  S m a l l  R e y n o l d s  N u m b e r s  R and A r b i t r a r y  Wave N u m b e r s  o~. A s s u m i n g  s m a l l n e s s  of 
the  Reyno lds  n u m b e r ,  we  have  the so lu t i on  of  the  p r o b l e m  (1.19)-(1.25) in  the  f o r m  of  s e r i e s  (3ol): 

oo ~o oo 

= Y, n ~ ,  o = Y, n % ,  c = Y, n %  (3.1) 
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We substitute expansions (3.1) into Eqs. (1.19)-(1.25), and collect the t e rms  with identical powers of 
the small  pa rame te r  R; with R ~ we find 

%"" - -  2~r + a 4 , o  = 0,  %" - -  a~vo = 0 

%" -- 3~2~o ' + 2~ ~ ---- 0 (y = i) 

%" + a~,o + ia~o - -  1.5 = 0 (y = i) 
%' + m~ o --  i~ = 0 (y = t) 

*o = *o' = % = O, (v = O) 

go = *o (1) - -  0.25 

Calculations give the following value for  the coefficient go: 

go ----- hi (cha -- ~-lsh~) + h~sh~ - 0.25 

where 
~ sh ~ a sh  ~ ch a 

hi----  2 (:~ ~ m t h  ~) (r ~_ ch~ a) ~'z ~ ch~cz 4 (o(a -~ ch2 r162 

h~ = (~-I __ thee)hi -[- (achv:) -~ 

(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 

(3.8) 

(3.9) 

(3.10) 

Figure  3 gives a plot of the dependence of the main part  go of the phase ve loc i ty  c on the wave num- 
be r  ~ for  different values of the coefficient m. Curves 1, 2, and 3 correspond to m= 0, 1, and 5 �9 106. With 
an a rb i t r a ry  value of m, in the interval  f rom 0 to 5-106, the corresponding curves  for  g0=g0(s) are  included 
between curves  i and 3. Short-wave perturbations are  localized near  the free surface,  while their  rate of 
propagation, as calculations show, differs only slightly f rom 0.25, i.e., the value of the velocity of the main 
flow Vx=U at the boundary. The coefficient gl is determined with solution of the problem 

~ l "  - -  2 a ~ l  " + ~4*1 - -  i:~ [ (u  - -  go) (%" - -  ~ * o )  - - u ' * o ]  ( 3 . 1 1 )  

~1" -- a2~i = P [ i a ( u  - -  go)Xo + *o']  ( 3 . 1 2 )  

�9 /"--3~%h'=ia[~o--(go-l-I/4)%"+-a2/W] (y=i)  (3.13) 
~ + as** = -- ixq (y = t) (3.14) 

++] <. (3.15) 

~l = ~1' = "q = 0 (y = O) (3 -16) 

and is represented  by the formula  

gl = ik~ (t - -  W , / W )  (3.17)  

where W.=kik2 -i ,  k 1 =k 1 (o~)>0, k2=k 2 (~, m, P) are known real  functions, whose explicit expressions a re  
not given here in view of the i r  cumbersome nature. 

We have 

Im c = ks (1 -- W,W -a) R + o (R) (3.18) 

Consequently, with smal l  Reynolds numbers,  the conclusion with regard  to the stability depends on the 
sign of the quantity k 2 (1-W,W-1).  

A numerica l  analysis  was made for a Prandtl  number  equal to 7.3 (water). An investigation was made 
of the dependence of the cr i t ical  value of the Weber number  W, on the wave number  at different values of m. 
Figure  4 gives curves  1, 2, 3, 4, 5, corresponding to values of the hea t - t rans fe r  coefficient m=  50, 100, 150, 
200, 5.103 , and 5.106 . 

At ~ = 0, the value of W,  rever t s  to zero; at a--- ~ , ,  W,  r i se s  infinitely. At the point ~ , ,  the coeffi-  
cient k 2 changes sign: k2>0 for  ~ < ~ , ,  and k2< 0 for  ~ > ~ , .  Figure  5 gives a curve of the dependence of 
~ .  on log m. 

The resul ts  of calculations (1)=7.3) lead to the following conclusions: 1) perturbat ions with wave num- 
be r s  ~ > ~ .  are  damped with time; 2) perturbations with wave numbers  0 < ~ < (~. behave differently, depend- 
ing on the Weber number  W: at W < W ,  they are  damped; at W > W ,  they increase.  

We note in conclusion that the convergence of the ser ies  (2.9) and (3.1) can be demonstrated by reduc-  
ing the problem to an integral  Fredholm equation of the second order ,  and then applying the principle of com- 
press ive  ref lect ions  and the theorem of an implicit  function [2]. 
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